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A first principles method for the c o m p u t a t i o n of electric field gradients (EFGs) is illustrated for
various solids. This scheme is based on self-consistent energy band-structure calculations by the full
potential linearized augmented plan wave ( F L A P W ) method which provides the electronic charge
density including all polarization effects. By numerically solving Poisson's equation we obtain the
C o u l o m b potential in a f o r m which allows to compute the E F G directly. O u r method is demonstrated for insulators ( C u 2 0 ) , metals (hcp-Zn), supercondutors ( Y B a 2 C u 3 Ö 7 ) and molecular crystals
( C l 2 , B r 2 , I 2 ).
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Introduction
The electric field gradient (EFG) is a ground state
property of a system and depends sensitively on the
asymmetry of the electronic charge distribution. The
EFG can be measured by various experimental techniques, which allow to extract the nuclear quadrupole
interaction (NQI), such as nuclear-magnetic resonance
(NMR), nuclear quadrupole resonance (NQR), Mössbauer, or perturbed angular correlation (PAC) spectroscopy. All nuclei with a nuclear-spin quantum
number I > 1 have a non-spherical nuclear charge distribution and thus an electric quadrupole moment Q.
The NQI between this Q and the electric field gradient
(EFG) determines the nuclear quadrupole coupling
constant (NQCC) e2Qq/h, where e is the electric
charge,, h is Planck's constant and q represents the
EFG. The E F G is defined as the second derivative of
the electrostatic potential at the nuclear position written as traceless tensor [1], Experimentally one can
determine the N Q C C so that only the product Q times
q is available. Often the atomic value Q (i) of nucleus i
is not well known experimentally, so that one reslies
on theory. Pyykkö [2] has used new fully numerical
methods for atoms and small molecules to compute
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reliable EFGs. With these calculated q's and the
experimental NQCCs he determined the nuclear
quadrupole moments Q, so far of the light elements up
to Z = 20. We choose another example for molecular
EFGs, and mention Palmer [3], who compared experimental N Q C C with his EFG calculations performed
by the Hartree-Fock (plus configuration interaction)
method using extended basis sets. These computations are for atoms and molecules, but in the present
paper we focus on solids.

The Electric Field Gradient Formalism
The general expression for the principal component
of the electric field gradient (EFG) tensor arising from
a (nuclear plus electronic) charge density @(r) is defined as
2 P2 (cos 3) ,

(1)

where P2 is the second-order Legendre polynomial.
Once the charge density of a system is known to high
precision, the EFG can be obtained numerically form
(1) without further approximations (such as Sternheimer antishielding factors). For the earlier work the
reader is referred to the review article by Kaufman
and Vianden [4] and that by Das and Schmidt [5]
covering the theoretical aspects.
In solids the electronic structure is commonly determined in the framework of density functional theory
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based on the Hohenberg-Kohn-Sham formalism. The
complicated many-electron system of a solid including
the important exchange and correlation effects is replaced by an iso-electronic reference system of non-interacting electrons, which has the same (spin) densities
as the real system. This is made possible by the local
(spin) density approximation (LDA) which leads to a
Schrödinger-like one-electron equation with a local
potential. Once these (so-called) Kohn-Sham equations are solved self-consistently the charge density
contains all ionic, covalent, and polarization effects in
the solid. No assumptions are made about ionicities or
specific charge distributions.
In 1985 Blaha, Schwarz and Herzig [6] developed a
first principles method to compute EFGs from an all
electron band-structure calculation following the lines
indicated above. They have used the full potential
linearized augmented plane wave (LAPW) method
and have calculated the E F G directly from the selfconsistent charge density by solving Poisson's equation. In the meantime our computer program is published as WIEN-code [7], where additional references
to the LAPW method and the LDA can be found. The
formalism has been described by Herzig [8] and in
connection with various applications [9-12]. A short
summary of the essential equations is given below:
In the LAPW scheme the unit cell is divided into
non-overlapping atomic spheres (with radii Rt) and in
an interstitial region; inside the spheres the charge
density (and analogously the potential) is written as
radial function £ LM (r) times symmetrized spherical
harmonics TLM(r) (crystal harmonics) and in the interstitial region as Fourier series:
J" X QLM (r) YLM {?)
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(3)

where G™u a r e Gaunt numbers and Rlm{r) =
Aimul(r) + Blm u,(r) denote the LAPW radial wave
functions (of state Enk) in the standard notation [7],
For a given charge density the Coulomb potential
is obtained numerically by solving Poisson's equation
in form of a boundary value problem using a method
proposed by Weinert [13]. This yields the potential
coefficients uLM(r) in analogy to (2). For the EFG

(4)

5C2M/R2£V(K)j2(KR)Y2M(K)

+

K

with C 2 0 = 2(47r/5) 1/2 , C 22 = (3/4) 1/2 C 2 0 , and the
spherical Bessel function j2. The first term (called
valence EFG) corresponds to the integral of (1) taken
over the atomic sphere; after integration over >9 and (p
a radial integration must be carried out. The second
and third term (called lattice EFG) arise from the
boundary value problem and from charge contributions outside the considered sphere. Note that our
definition of the lattice E F G differs from that based on
a point charge model [4]. With these definitions the
diagonal terms of the traceless EFG tensor with respect to the crystallographic axis a, b, and c are
V.. =

-$V20+V22,

Vbb = -\V20-V22,
Kc

=

(5)

^20 •

In many simple cases the off-diagonal elements of the
E F G tensor vanish due to symmetry, but if non-diagonal terms exist diagonalization of the EFG tensor is
required. By ordering the components according to
their magnitudes we define
\Vzz\>\Vyy\>\Vxx\.

eiKr

The charge density coefficients £ LM (r) can be obtained
from the wave functions by (in a shorthand notation)
eiMir) =

calculation only the L = 2 terms near the nucleus are
needed; in the limit r-*• 0 the asymptotic form of the
potential rL VLM YLM can be used, and this procedure
yields (see [11])

(6)

The E F G tensor is characterized by the largest component Vzz (in short EFG) and the anisotropy parameter r\ defined as
n =

( v

x x

- v

y y

) / v

z z

,

(7)

where t] varies between 0 (axial symmetry) and 1
(Vxx

=

0).

Results and Discussion
In the present paper we restrict ourselves to results
obtained by this new approach which has been applied to various solids, from insulators such as Li 3 N

199 K. Schwarz and P. Blaha • Calculations of the Electric Field Gradients in Solids

[6] or C u 2 0 [9], to (hep) metals [10] and to high temperature superconductors as Y B a 2 C u 3 0 6 + x [11] and
resently to YBa 2 Cu 4 O g [12]. The series of systems has
been extended to molecular crystals such as Cl 2 , Br 2 ,
and I 2 for which we studied solid state effects [14],
From each class an example is chosen so that various
features can be illustrated. For further details (computation, references, interpretation) the reader is refered
to the original papers.
Ionic Solids: Cuprite,

E F G lattice
semi-core
valence: p - p
d-d

Cu20

Instead of choosing Li 3 N to which the new method
was first applied we select cuprite as example for an
ionic crystal. C u 2 0 crystallizes in a simple cubic structure and can be crudely described to consist of Cu +
and O 2 ~ ions. The electronic structure has been obtained by an LAPW band structure calculation [15]
which showed that Cu has not the simple 3 d 1 0 configuration, but less than 10 d electrons. This causes an
asymmetry in the charge distribution around the Cu
site which can best be illustrated by looking at the
difference density obtained between the crystalline
density and a superposition of ionic densities (see
Fig. 6 b of [15]).
*

Table 1. E F G contributions for C u in C u 2 0 [9], Cu(2) in
Y B a 2 C u 3 0 7 [11] and hcp-Zn [10] (top panel) and relation
between E F G (10 2 1 V/m 2 ), asymmetry count An, and
moment M, ( p r o p o r t i o n a l to < l / r 3 » from p and d states; for
definition see text. The references to the many experimental
data can be found in the original papers [ 9 - 1 1 ] .

Based on this LAPW calculation the E F G was
computed using the new formalism [9]. This system is
chosen as an example to illustrate the various terms
contributing to the EFG. According to (5) the E F G is
given by the VLM defined in (4), whose first term is
called valence (coming from inside the atomic sphere)
and the remainder is termed lattice EFG. Table 1
shows that the lattice contribution is rather small in
contrast to the term from inside the sphere. Then we
raise the question, which states contribute to the latter. The valence electrons (Cu-3d and 4 p) clearly
dominate over the semi-core states (Cu-3 p), so that the
polarization of the true core states (Cu 1 s, 2 s, 2p) can
be neglected. Another decomposition is usefull: according to (3) and the selection rules for the Gaunt numbers the required density g2o(r) c a n come only from a
combination of radial functions Rlm{r) with p-p, d-d
or s-d character (omitting high /-terms which are negligible). Thus we can write

theory: total
experiment

KM
An

<

KA d)
And

Cu20

YBa2Cu307

hcp-Zn

0.1
0.9
-17.8
8.5

-0.1
-0.2
9.6
-14.9

-0.0
-0.6
5.3
-1.0

-9.3

-5.3

4.3

-8.3
±10.2

-5.6
±12.3

3.6
±3.7

-17.8
-0.055
330

9.6
0.038
250

5.3
0.041
129

8.5
0.165
48

-14.9
-0.288
47

-1.0
-0.010
100

(Table 1). In the case of C u 2 0 we note that the p-p
term is large and has the opposite sign to the d-d
contribution, but both are important for the EFG.
High Temperature Superconductors:

YBa2Cui01

The new class of perovskite superconductors, for
which one speculates that correlation effects could
play an important role, were studied intensively in
order to establish how the charge is distributed. In this
context E F G measurements and calculations are extremely usefull. Since details have been published before [11, 16] only a few results will be presented here.
The EFGs calculated for Y B a 2 C u 3 O v , Y B a 2 C u 3 0 6
and Y B a 2 C u 4 O g [12] agree well between theory and
experiment in magnitude, orientation, and asymmetry
parameter for all sites (Y can not be measured) with
the exception of the Cu(2) position corresponding to
the copper in the C u - O layer, which will be discussed
below. The E F G at the oxygen sites is easy to interprete: Table 2 gives the partial charges inside the four
types of oxygen spheres indicating an asymmetry in
the charge distribution which is clearly visible in the
corresponding difference density zl^(see Fig. 3 of [11]).
020 (?) = gp2p0 (r) + gd2d0 (r) + gf0 (r),
(8) Two of the p-charges are around 1.2 electrons, while
where the latter turns out to be extremely small and is the third is significantly smaller. This asymmetry is
directly related to the corresponding E F G whose
therefore omitted in the analysis shown below. With
these definitions we can further decompose the valence principal axes point in the crystallographic directions
contribution to the E F G into p-p and d-d terms where the p-population is smallest.
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Table 2. Symmetry decomposition of the valence charges (in
electrons) in the 4 oxygen spheres of Y B a 2 C u 3 0 7 in comparison to the E F G (10 V/m~), where the cartesian coordinates
are assumed to be parallel to the crystallographic axes: x || a,

Ji b,z\\c.

O(l)
0(2)
0(3)
0(4)

Px

P.V

Pz

Ka

1.18

0.91

1.25
1.18
1.18

-6.1

1.01
1.21
1.18

1.21

1.00
1.19

0.99

Kt
18.3

11.8

-7.0

-7.0
-4.7

-7.0

11.9

Kc
-12.2
-4.8
-4.9

11.7

Therefore the E F G can be directly related to the
symmetry decomposed partial charges. In the special
case of the Cu(2) position, where V22 is very small so
that V20 dominates, one can split the E F G into contributions from two groups of p and three groups of
d functions according to the point group symmetry. In
this context it is useful to define an asymmetry count
[10,11,16] in terms of partial charges (labeled by their
symmetry)
Anp = l/2(px +

py)-pz,

And = (d x , + d J ( a _ ^ ) - l / 2 ( d „ + d J J - d x 2 .

(9)

The partial charges grouped with prefactors and signs
according to (9) contribute to the asymmetry count
An,. These values An,, the corresponding valence EFG
(V z z contribution), and the ratio M, = EFG/An, are
listed in Table 1 for the p and d terms. These factors
are proportional to the corresponding <1 /r 3 > expectation value as previously demonstrated [9] for C u 2 0 ,
for which these quantities are given in Table 1 as well.
The ratio for the d-d contribution M d is about
constant in C u 2 0 and Y B a 2 C u 3 0 7 , indicating that
<l/r 3 > expectation values do not differ significantly in
these two compounds. In hcp-Zn (discussed below)
the 3d wave-function is much more localized and
consequently M d for Zn is twice as large as that of
copper. The M p are larger than the M d factors, but the
values vary somewhat between C u 2 0 and YBa 2 Cu 3 0 7 .
This comes about since the Cu-4p function is not only
an on-site function, but must represent the tails of the
0 - 2 p functions which in an LCAO description would
reach into the Cu sphere. An on-site 4 p function as in
Zn has a smaller M p value. The E F G can be obtained
directly from the partial charges, provided they are
properly grouped and weighted according to (9) and
multiplied by M p or M d .
Such an analysis allowed us to estimate that a transfer of only 0.07 electrons from d x 2 - y 2 to d. 2 symmetry

at Cu(2) in Y B a 2 C u 3 0 7 would be sufficient to bring
the theoretical E F G in agreement with the experimental E F G value. This illustrates nicely the sensitivity of
the E F G with respect to the charge distribution. From
that work we must conclude that the present form of
the LDA is not perfect, but still provides a charge
distribution that is close to reality even for the highly
correlated superconductors. Furthermore, this high
sensitivity allows us to quantify the charge distribution on copper within narrow limits, an important
information for setting up models for superconductivity which occurs in the plane of Cu(2).

Metals: hep Zn
Metals have been studied by various theories, for
example by Pattnaik et al. [17], The EFG for all
hexagonal-closed-packed (hep) metals from Be to Cd
has been obtained with the formalism described above
[10]. We have selected just one example, namely hep
Zn, to show that metals can be treated the same way
as ionic solids and that often the p-p contributions are
more important than the d-d term (Table 1) with the
sign sometimes the same and sometimes opposite. The
valence contribution again dominates and the semicore polarization adds only little to the EFG. The
various contributions to the EFG and their relation of
the anisotropy of the charge density has been extensively discussed in [9]. It should be pointed out that
the E F G of the hep metals is rather sensitive to the c / a
ratio as was illustrated for Be [18] or Ti, Zn and In
[19].

Molecular Crystals: Cl2, Br2, and I2
The solid halogens are used as model compound to
study solid state effects in a molecular crystal. They
crystallize in an orthorhombic structure (Fig. 1) and
closely resemble the isolated molecules. The empty
antibonding a* orbitals give rise to the large EFG,
which our calculation finds almost exactly in the
molecular axes, although that was not required by
symmetry. The asymmetry parameter of the EFG,
however, comes from the intermolecular interaction,
which a solid state calculation should be able to describe. Therefore we applied our method to compute
the E F G and rj for Cl 2 , Br 2 and I 2 and summarize the
results in Table 3, which shows that - according to
theory - rj steadily increases in this series. This result
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is consistent with the ratio of the inter- to the intramolecular distances, which decrease from 1.68 over
1.46 to 1.29, so that the shorter inter-molecular distance causes r] to increase. For Br 2 the agreement in t]
is excellent, but theory finds a larger value for I 2 , while
for Cl 2 the experimental t] value scatters a lot. By
comparing the valence electron density of Cl 2 with
that of Br 2 (Fig. 2) we see that (judged by the density
between the nearest neighbour molecules) the intermolecular interaction increases. This interaction introduces an additional asymmetry in the charge distribution which in turn is responsible for the increase in
r\. Further analysis is required and will be presented in
a forthcoming publication [14].

Conclusion

Fig. 2. Valence electron density of solid C l 2 and B r 2 in the
(100) plane, through the to b- and c-axis; the maxima and
m i n i m a are contour lines in units of 0.1 e/Ä 3 .
Table 3. Electric field gradient of solid C l 2 , B r 2 , and I 2 . M o s t
experimental data are taken from [20] except for C l 2 as
specified.
Cl2

Br 2

I2

Isotope

35

79

Br

127t

Q / m b = 10~31 m2

-82.5

293

— 789

EFG
(10 2 1 V / m 2 )

+ 53.7
±54.6

+ 96.6
±108.0

rj

theory
exp.

theory
exp.

C1

0.07
0.06 [21]
0.4 [22]
0.2 [23]

0.19
0.20

+ 118.8
±113.0
0.32
0.18

Although these systems have extremely different
chemical bonding, good overall agreement between
our theory and experimental data for the principal
E F G component, the orientation, and the asymmetry
parameter has been found.
The LAPW calculations gave not only good results,
but provided insight into the origin of the EFG. It is
found that the asymmetry of the valence electron distribution close to the nucleus cause the E F G rather
than core polarization. This asymmetry can be visualised by difference electron densities, or (after spatial
integration) by symmetry decomposed partial charges,
quantities directly related to chemical bonding. Further analysis allowed to distinguish between contributions from p- and d-electrons, where the former were
found to substantially contribute to the EFG, even
when they represent only a small fraction of all the
valence electrons as for example in transition metals
or their compounds. It should be noted that the p term
(especially when the p-like charge is small) should be
interpreted as an off-site contribution in context with
the spatial representation of the wave function or electron density inside the atomic spheres. Tails of wave
functions from neighbouring atoms entering an
atomic sphere must be expanded in partial waves (s, p,
d, etc. functions) which leads formally to p-functions,
which are important for E F G calculations.
The ab initio method presented here requires high
precision quantum-mechanical calculations and large
computational effort, but is capable of calculating reliable EFGs in crystalline solids and provides physical
insight into the origin of the EFG.
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