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It is shown on the grounds of a semiempirical PPP-treatment that for the equidistant eistrans infinite polyene two types of Hartree-Fock solutions are possible-one yielding a cis-transoid
and the other a <rans-cisoid distribution of nearest-neighbour bond-orders. Relaxing the nuclear
framework according to bond-order magnitudes for the bond-alternation wave (BAW) in the
equidistant aM-trans polyene, resp. for the two solutions for the equidistant cis-trans polyene
mentioned above and using repeatedly the Coulson-Golebiewski formula, realistic self-consistent
values of bond lengths have been obtained. The calculated energy differences between the investigated isomers are small, predicting almost equal probabilities. The expressions for the PPPwavefunctions are presented in analytical form suitable for further applications. Long-range
Coulomb interactions have been accounted for up to convergence of the groundstate energies.

Introduction
Long polyene chains have been for a long time
the subject of numerous theoretical and experimental investigations. As a recent success in the
theoretical field one should mention the performance of extensive Hartree-Fock ab-initio infinite
polyene calculations [1—6]. Remarkable experimental events are the synthesis of comparatively
pure polyene crystals [7] and the subsequent
discovery of the drastic increase of polyene film
specific conductivities (over twelve orders of
magnitude) upon doping with electron donors or
acceptors [8]. The exact X-ray determination of
polyene chain structural parameters has yet been
hindered by insufficient purity and low degree of
orientation in available samples. The results from
[9] show a predominant existence of aü-trans and
cis-trans isomers and propose also an estimate of
unit cell dimensions and interchain distances.
Although the relative stability of equidistant and
bond-length alternating all-trans and cis-trans
infinite polyenes has been discussed more than once
both at ab-initio level [2—6] and employing a semiempirical CNDO/2 technique [10], the agreement
between the results of different authors is far from
total. One should naturally expect that the performance of semiempirical PPP-calculations would
Reprint requests to Dr. P. Karadakov, Faculty of Chem
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add to the confusion but we hope that the results
of our investigation prove the contrary.
Several authors [11 — 13] have recently discussed
the connection of the nearest-neighbour bond-order
distribution in equidistant structures to possible
distortions of the nuclear framework. As a consequence of their results, a good starting point for
the discussion of the structure of all-trans and cistrans infinite polyenes should be a study of the
possible Hartree-Fock solutions for the equidistant
conformations yielding different bond-order distributions. As is well-known, for the all-trans equidistant model one finds in addition to the metallic
solution a bond-order-alternation-wave (BAW) solution with a non-zero gap. Whereas other authors
[3, 5, 6, 10] report only one type of solution for the
equidistant cis-trans conformer, we have found two
types of solutions: one with a as-transoid and another with a trans-cisoid nearest-neighbour bondorder distribution, differing significantly in energy.
A relaxation of the nuclear framework according to
the magnitudes of bond-orders between adjacent
atoms using e.g. the Coulson-Golebiewski formula
[14] leads immediately to alternating all-trans,
resp. alternating cis-transoid and trans-cisoid
geometries (Fig. 1). The relative simplicity of the
PPP-equations leading to an efficient computer
program has enabled us to find self-consistent
values of the bond lengths applying repeatedly the
Coulson-Golebiewski formula (see e.g. [15]) and
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(la), (3a) refer to occupied and (lb), (3b) to empty
states. We have introduced the notation
«(*) = < * ' * " ( * ) > .

(4)

where fi is the PPP-hamiltonian.
For the "phase" <f>(k) one finds
(5)

tg<f>{k) = lmv{k)l~Rev{k).
Equidistant
Structures

Alternating
Structures

Fig. 1. Polyene structures investigated in the present
paper, p' and p" are the nearest-neighbour bond-orders. I
is the B A W solution for the equidistant all-trans polyene,
II is the solution with cis-transoid bond-order distribution
for the ci8-trans equidistant polyene and III is the solution
with trajis-cisoid bond-order distribution for the same
geometry. Relaxation of the nuclear framework according
to the magnitudes of nearest-neighbour bond-orders leads
to the structures with alternating bond-lengths: all-trans
(IV), cis-transoid (V) and frans-cisoid (VI).

including long-range Coulomb forces till convergence of the ground state energy. Fairly converged
values have been obtained also for the energy gap.
Method
The two-fold screw axis ( s glide-plane) in all
cis-trans structures of Fig. 1 allows to express the
wavefunctions of all-trans and cis-trans isomers
with imposed Born-Karman boundary conditions in
identical form:
y(£) = 2-1/2(exp[i<f>(k)]x'(k) + %"{k)},

(la)

V(k) = 2-1/2{exp[i<[>(k)] x '(k) -

(lb)

X"(k)},

ke [— nja, n/a],

v(k) = ß' - f £ " e x p ( — ika)
L-1

— 2-1 2 Vn yn exp (i n k a).

(6)

«= — L

In (6) yn are the two-center Coulomb integrals
between the AO's (pm and (p'm+n, and pn stand for
the corresponding bond-orders. L restricts the interactions taken into account to (2L— l)-th neighbours.
Using (la) and passing to integration for N - > o o
one obtains for pn
7t la
pn = an-i Jdk cos[w&a — <f>(k)],
L<,n<,L-

1.

(7)

The combination of (6) and (7) yields a system of
2 L nonlinear self-consistency equations for pn.
For the ground-state energy per electron one obtains
£o = a + y/4 + 2-1
ß' Po+ ß" p-i -an-1

nja
jdk\v (k) \

(8)

= 2\v(7ija)\.

(9)

The gap energy is

where
N

X (k) = N-1/2 2 exp (imka) cp'm,
m= 1
x"

Using the well-known expressions for the matrix
elements of the PPP-hamiltonian [16], v(k) can be
expanded as

N

(k) = N-1/2 J exp (i mka)(p„.

AE = E(nla)-E{7tla)
(2a)
(2b)

The metallic solution for the equidistant all-trans
structure is characterized by
(f>{k) = -

kaß,

771= 1

pn = 2 t t - 1 ( - 1 ) « ( 2 » + 1)-i,
k is the wavenumber, a in case of a\\-trans struc£0 = a + y/4 + 4 ß/n
tures is the translational period and in case of cistrans structures-its half. N > 1 is the number of unit
— 27i~2 2 y:(2^ + l ) - 2 .
cells (N should be even in case of cis-trans isomers).
/=o
cp'm and cp'm are the 2 pz AO's for the m-th unit cell.
The energies of the orbitals (1) can readily be Parametrization and Numerical Results
shown to be
The resonance integrals have been calculated
(3a) using Mulliken's relation:
^(Jfc) = a + y/2-|t>(fc)|,
E(k) = * +

yl2+\v(k)\.

(3b)

ß(r) =

ß(r0)S(r)IS(r0)
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with r 0 = 1 . 4 0 Ä and ß(1.40) = - 2.388 eV (Zc =
3.18).
For the two-center Coulomb integrals we have
used two parametrizations:
(i) the Mataga-Nishimoto parametrization [17]:
y = 10.84 eV and
y(r) = e«/[(e*/y) + r].

(10)

(ii) the Ohno parametrization [18]: y= 10.84 eV
and
y(r) =

e 2 /[(e 2 /y) 2

+

r2]1/2.

(11)

For small r (10) yields lower values for the twocenter Coulomb integrals than (11) and can be considered to include more correlation and cr-electron
screening, a has everywhere been chosen equal to
zero.
The system of Eqs. (7) can be solved readily
through a simple iterative procedure. The selfconsistency criterion was chosen equal to 1.10 -4 .
The integrals have been calculated through a
Simpson quadrature with an error bound 1.10 -5 .
In order to produce solutions differing in bond-order
distribution for equidistant structures we have used
correspondingly modified starting approximations
for pn. The number of interacting neighbours has
been gradually increased till convergence of the
ground state energy per electron within 1.10 -4 eV,
which is achieved usually for 23—25 neighbours
{L= 12—13). All results reported correspond to
converged energy values.
The bond-orders of the BAW-solution of the alltrans equidistant structure and of the two solutions
for the cis-trans equidistant structure have been
used to calculate a first approximation to alternating bond-lengths through the relation [14]
r=

1.517 - 0 . 1 8 p .

From the bond-orders of the solutions for the new
geometry new bond-lengths have been calculated
and the procedure has been repeated till the bondlengths calculated in two successive iterations differed by less than 5.10 -4 Ä (usually achieved after
5—6 iterations). All CCC angles have been kept
constant and equal to 120°.
Table 1 shows the nearest-neighbour bond-orders
together with the values for the gaps and for the nelectron ground-state energies obtained using (10),
resp. (11) for the equidistant structures (all bondlengths equal to 1.40 Ä).

Table 1. Results from the calculations for equidistant
structures, p' and p" stand for the nearest-neighbour bondorders from Figure 1. Gap-widths in eV and energies in eV
per electron.

AE

«0

0.00

-

1.5067
1.5113
1.5151
1.5293

—
-

1.9288
2.0004
2.0038
2.0268

Structure

Parav'
metrization

V

Im1
I
II
III

MN2
MN
MN
MN

0.6366
0.7809
0.4924
0.7778

0.6366
0.4821
0.7721
0.4853

2.76
2.58
3.08

Im
I
II
III

Ohno
Ohno
Ohno
Ohno

0.6366
0.8305
0.4291
0.8201

0.6366
0.4208
0.8242
0.4336

4.47
4.30
4.80

1
2

0.00

All-trans equidistant metallic solution.
Mataga-Nishimoto parametrization.

Table 2. Results from the calculations for structures with
alternating bond-lengths, r' and r" are the optimized bondlengths (see Figure 1). Bond-lengths in A, gap-widths in
eV and energies in eV per electron.
Structure

Parametrization

r'

r"

AE

eo

IV
V
VI

MN
MN
MN

1.363
1.447
1.364

1.448
1.363
1.446

4.32
4.24
4.48

-

1.5641
1.5647
1.5761

IV
V
VI

Ohno
Ohno
Ohno

1.356
1.457
1.358

1.458
1.356
1.455

6.38
6.30
6.53

-

2.0908
2.0912
2.1054

Table 2 contains the results for the self-consistent
bond-lengths and the corresponding gaps and nelectron ground state energies for the alternating
structures.
The results obtained by means of (10), resp. (11),
differ quantitatively, but qualitatively they are in
fair agreement. The optimized bond-lengths obtained using the two parameter sets differ by less
than 0.01 A ( ^ 0 . 7 % ) .
Discussion
The comparison of the PPP-results to the results
obtained using other methods (Table 3) shows that
the differences between the ground-state energies of
the equidistant structures are of the same order*,
which is a good justification for attributing them to
^-electronic effects. We cannot compare directly
our results for the energies of equidistant and
alternating structures because we do not use a a* The large differences reported in [3] form an exception.
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Table 3. Relative stabilities and gap-widths of equidistant
polyene structures as reported by different authors. Energy
differences in kcal mol - 1 per jr-electron, gap-widths in eV.
AE

Structure

This work

[3]

[5]

[10a]

Im
I
II
III

0.001

0.00

0.00

0.00

8.74 4

5.21 4

Structure

Relative energy
[3]

[5]

0.002

2.76
2.58
3.08

4.14 3

4.47
4.30
4.80

This work
Im
I
II
III
1

2

3

4

-

0.01
0.1
0.2
0.5

-

o.O 2
1.6
1.7
2.3

0.0

[10a]

[6]

0.0

0.7 3

19.3 4

3.22

-

— 0.8 4

0.0
1.0

-0.14

0.0
1.0

The column contains results obtained through the MN
parametrization.
The column contains results obtained through the Ohno
parametrization.
These results are for a charge-density wave, CDW solution.
W e cannot assign these values to II or III because the
authors have not reported the jr-electron bond-orders.

Table 4. Relative stabilities and gap-widths of polyene
structures with alternating bond-lengths as reported by
different authors. Energy differences in kcal mol - 1 per
jr-electron, gap-widths in eV.
Struc- AE
ture
This work
IV
V
VI

4.321
4.24
4.48

6.38 2
6.30
6.53

[3]

[5]

[10a]

7.24
3.95
10.39

9.74
8.19
7.83

7.46
8.54

[5]

[6]

Struc- Relative energy
ture
This work
[3]
IV
V
VI
1

2

3

4

0.01
o.O2
-0.01 -0.01
-

0.3

-

0.3

-

0.0

7.8
19.8

0.0 0.0

- 1.3
-0.02

1.0
1.0

[10a] [19]
0.0
1.6
- 4

O.O3

11.4
10.0

The column contains results obtained through the MN
parametrization.
The column contains results obtained through the Ohno
parametrization.
The results from [19] have been obtained by the extended
Hückel method (EHT).
In [10b] V lies ~ 1.2 kcal mol" 1 below VI. The results
from [10 a] and [10 b] are for different bond-lengths and
cannot be compared directly.

potential in explicit form; the magnitudes of the
7r-electron energies, however, show that the alternating structures should be lower in energy for any
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realistic choice of the c-potential. The calculated
energy differences (Table 4) for the alternating
structures (a comparison of their jz-electron energies
is possible because the self-consistent bond-lengths
in the three cases practically coincide) are relatively
smaller than those found by other investigators.
This can be explained partially by the alternancy
properties of the PPP-bond-order matrix implying
zero interactions between even neighbours, which
leads to a higher contribution to the ground-state
energy of the first-neighbour-interactions (approximately equal for the three structures).
We find the solution with /ra?w-cisoid bond-order
distribution for the cis-trans geometry to be the
most stable equidistant solution, next following the
solution with cis-transoid bond-order distribution
for the same geometry, and then come the BAWall-trans solution and the metallic all-trans solution.
This ordering is preserved also for the corresponding
alternating solutions but the magnitudes of the
energy differences substantially decrease, which
leads to the conclusion that the three alternating
conformations should be generally equally probable.
Our energy ordering is in qualitative agreement
with the results of Kertesz et al. [3]. We would like
to point at the small differences between the energies of (I) and (II), resp. of (IV) and (V). In the case
of (I) and (II) one can find a similar Jraws-pattern of
distribution of the bigger nearest-neighbour bondorders ; (IV) and (V) can be considered as constructed of similar fraws-butadiene unit cells.
As Table 5 shows, our bond-lengths correspond
to weaker bond-alternations than those calculated
by Karpfen and Höller [6]. Better agreement is
established with the results of the earlier paper by
Karpfen and Petkov [4 b] where an improved basis
set has been used. Generally, our self-consistent
bond-lengths agree well with the common concept
for bond-lengths in long polyenes (see e.g. [2—5])
and with the results from X-ray diffraction analysis
[9].
The calculated gaps are smaller than the abinitio results but still higher than the experimental
value. A correspondence is observed between gapwidths and relative energies, reversed only for the
pairs (I), (II) and (IV), (V).
We have not considered the possibility of chargedensity-waves (CDW) or spin-density-waves (SDW)
formation because it may be shown that they are
incompatible to bond-alternation, especially when
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Table 5. Comparison of optimized polyene bond-lengths reported by different authors. All values in A. X-ray diffraction
analysis studies [9] propose 1.35 Ä for the shorter bond-length and 1.46 Ä for the longer bond-length.
Struc-

ture

IV
V
VI
1
3

This work
~
r

^
r

1.363 1
1.447
1.364

1.448 1
1.363
1.446

This work
r

^
r

1.356 2
1.457
1.358

1.458 2
1.356
1.455

[6]
r

»
r

[10a]
~
r

r

1.3273
1.480
1.325

1.4773
1.329
1.489

1.350
1.445
-

1.435
1.350
-

~

2 Ohno parametrization.
MN parametrization.
Ab-initio results using a STO-3G basis. The results for all-trans alternating polyene using an improved C(8s4p)/H(4s)
basis are [4b]: 1.346, resp. 1.446 A .

long-range Coulomb interactions are accounted for
[20].
The comparison carried out in this section shows
that the PPP-treatment describes the infinite
polyenes nearly as reasonably as more rigorous
methods. However, the existence of analytical

expressions for the PPP-wavefunctions and the
possibility of quick calculations including sufficiently long-range Coulomb interactions makes it
suitable for further investigations of more involved
effects, e.g. optical properties [21] or periodic structure perturbations [22].
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